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Abstract
We present a conjugate invariant method for completing any T0-quasi-metric space. The completion is built as an extension of the
bicompletion of the original space. For balanced T0-quasi-metric spaces our completion yields up to isometry the completion due
to Doitchinov. The question which uniformly continuous maps between T0-quasi-metric spaces can be extended to the constructed
completions leads us to introduce and investigate a new class of maps, which we call balanced maps.
© 2008 Elsevier Inc. All rights reserved.
AMS classification: 54D35; 54E55; 54E35; 54E15
Keywords: Quasi-pseudometric;T0-quasi-metric; Completion; Bicompletion; D-Cauchy filter; Balanced quasi-metric; Cauchy filter pair; Doitchinov
completion; Quiet quasi-uniform space
1. Introduction
Although the concept of a T0-quasi-metric space is quite old (see [1]) and many authors have discussed the problem
of completing these spaces, all existing completion theories seem to be highly controversial, except possibly the
following one [10,27]: It is known that each T0-quasi-metric space (X, d) can be isometrically embedded into a T0-
quasi-metric space (X‡, d‡) where the associated metric space (X‡, (d‡)s) is (isometric to) the completion of the metric
space (X, ds). (In this article for any quasi-pseudometric e, the pseudometric es denotes the maximum of the quasi-
pseudometric e and its conjugate quasi-pseudometric e−1.) The construction of (X‡, d‡), called the bicompletion of
(X, d), is a very useful and – also from the categorical point of view [27] – satisfactory generalization of the completion
of a metric space. It has numerous applications, for instance in the theory of partial (quasi-)metrics and asymmetric
functional analysis (see [23,18]). However its underlying idea depends heavily on symmetry and it sometimes yields
undesirable results. For instance the set Q of the rationals, equipped with the so-called Sorgenfrey T0-quasi-metric
d(x, y) = 1 if x > y and d(x, y) = y − x if y ≥ x, is bicomplete, since ds is equal to the discrete metric, although
many readers may feel that this space should not be complete. Such examples have motivated several attempts in
the literature to create a completion theory for T0-quasi-metric spaces that is based on a more asymmetric approach
(see [26,31] for some recent pertinent investigations). With the present article the authors wish to present a further
contribution to that ongoing discussion in the field.
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The renewed interest in these questions during the past years mainly originated from applications that (asymmetric)
distance functions had found in theories related to theoretical computer science and constructive mathematics [3,17,
20]. It should be stressed that besides the bicompletion other kinds of completions from asymmetric topology were
successfully employed in theoretical computer science (see for instance [2,25,28–30]). A very interesting completion
theory for T0-quasi-metric spaces was developed by Doitchinov in [11]. For his completion he replaced the ds-Cauchy
sequences (xn)n∈N, which are normally used for the construction of the bicompletion of a T0-quasi-metric space
(X, d), by so-called Cauchy pair sequences 〈(xn)n∈N, (yn)n∈N〉. Equivalence classes of such pair sequences can be
identified with the elements of his completion. Unfortunately in order to define the T0-quasi-metric on his completion
he had to assume that the starting T0-quasi-metric space satisfies an additional condition which he called balancedness.
Nevertheless in this way for balanced T0-quasi-metrics he obtained a very convincing completion theory. For instance
the completion of Q equipped with its (balanced) Sorgenfrey T0-quasi-metric turns out to be isometric to the set
of the reals equipped with the Sorgenfrey T0-quasi-metric (see e.g. [24, Examples 4 and 5]). Later he formulated an
analogous completion theory for so-called quiet T0-quasi-uniform spaces which was based on concepts of Cauchy pairs
of nets (resp. Cauchy pairs of filters) [12,13]. Recently parts of Doitchinov’s quasi-metric theory were generalized to
some fuzzy setting [19]. The Doitchinov completion was also used in the theory of regular paratopological groups [24].
Unfortunately Doitchinov’s condition of balancedness turns out to be rather restrictive. For instance balanced T0-quasi-
metrics induce completely regular Hausdorff topologies (see [11, Corollary 3] and [13, p. 208]) and totally bounded
balanced T0-quasi-metrics induce uniformities (see [15,22]). In particular in many contexts of practical importance,
especially in theoretical computer science, where T0-quasi-metrics have been employed to describe non-Hausdorff
topologies, they cannot be applied.
In this article we investigate whether Doitchinov’s original idea, namely to use, via Cauchy pairs of sequences, a
truly bitopological approach to the completion theory of T0-quasi-metric spaces, can be amended in an appropriate way
so that it yields a theory that is applicable to general T0-quasi-metric spaces. To this end we localize Doitchinov’s idea
of balancedness, that is, we do not work with arbitrary Cauchy filter pairs, but only with those that we call balanced
Cauchy filter pairs. (A related idea in the quasi-uniform context can be found in articles of Deák [6–9].) The resulting
construction can be applied to arbitrary T0-quasi-metric spaces and then extends the bicompletion of T0-quasi-metric
spaces. In the case of balanced T0-quasi-metrics our construction yields up to isometry Doitchinov’s completion. An
extension theorem, established for – what we call – balanced (uniformly continuous) maps between T0-quasi-metric
spaces, allows us finally to characterize our completion up to isometry.
2. Preliminaries
We start this section by recalling some basic concepts and facts from the general theory of quasi-pseudometric
spaces. We then introduce the notion of a (balanced) Cauchy filter pair on a quasi-pseudometric space. We also define
a distance between two Cauchy filter pairs and finish this section by discussing our concept of B-completeness for
quasi-pseudometric spaces.
Definition 1. Let X be a set and let d : X × X → [0,∞) be a function mapping into the set [0,∞) of the non-negative
reals. Then d is called a quasi-pseudometric on X if
(a) d(x, x) = 0 whenever x ∈ X,
(b) d(x, z) ≤ d(x, y) + d(y, z) whenever x, y, z ∈ X.
We say that d is a T0-quasi-metric if d also satisfies the following condition: For each x, y ∈ X,
d(x, y) = 0 = d(y, x) implies that x = y.
Remark 1. Let d be a quasi-pseudometric on X, then d−1 : X × X → [0,∞) defined by d−1(x, y) = d(y, x)
whenever x, y ∈ X is also a quasi-pseudometric, called the conjugate quasi-pseudometric of d. As usual, a quasi-
pseudometric d on X such that d = d−1 is called a pseudometric.
Let (X, d) be a quasi-pseudometric space. For each  > 0 setU = {(x, y) ∈ X × X : d(x, y) < }. In the following
Ud denotes the quasi-uniformity on X generated by the filter base {U :  > 0} on X × X. It is called the quasi-
uniformity induced by d on X. For basic facts about quasi-uniformities we refer the reader to [16]. The topology
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τ(Ud) is called the topology induced by d on X and is often denoted by τ(d). For each x ∈ X, Ud(x) denotes
the τ(Ud)-neighbourhood filter at x. Indeed, {U(x) :  > 0} yields a filter base of Ud(x) where for each  > 0,
U(x) = {y ∈ X : d(x, y) < } is the τ(d)-open ball of radius  at x.
A map f : (X, d) → (Y, e) between two quasi-pseudometric spaces (X, d) and (Y, e) is called an isometry provided
that e(f (x), f (y)) = d(x, y) whenever x, y ∈ X. Two quasi-pseudometric spaces (X, d) and (Y, e) will be called
isometric provided that there exists a bijective isometry f : (X, d) → (Y, e). A map f : (X, d) → (Y, e) between two
quasi-pseudometric spaces (X, d) and (Y, e) will be called uniformly continuous provided that for each  > 0 there
is δ > 0 such that for all x, y ∈ X, d(x, y) < δ implies that e(f (x), f (y)) < . Subsequently we shall often make
use of the following (well-known) lemma, which deals with the T0-quotient of a quasi-pseudometric space. For the
convenience of the reader we include a sketch of its proof.
Lemma 1. Let (X, d) be a quasi-pseudometric space. Define an equivalence relation ∼ on X by setting for each
x, y ∈ X, x ∼ y iff d(x, y) = 0 = d(y, x). Let X̂ be the set of all equivalence classes qX(x), where x ∈ X, with
respect to ∼ . Then d̂ on X̂ defined by d̂(qX(x), qX(y)) = d(x, y) whenever x, y ∈ X determines a T0-quasi-metric d̂
on X̂. (In the following qX : X → X̂ will denote the isometric quotient map defined by x → qX(x) whenever x ∈ X.)
Let f : (X, d) → (Y, e) be a uniformly continuous map between quasi-pseudometric spaces (X, d) and (Y, e). Then
f̂ : (X̂, d̂) → (Ŷ , ê) defined by f̂ (qX(x)) := (qY ◦ f )(x) whenever x ∈ X is a well-defined uniformly continuous map
between the T0-quasi-metric quotient spaces (X̂, d̂) and (Ŷ , ê). It is an isometry provided that f is an isometry.
Proof. It is readily verified that ∼ is an equivalence relation on X. In order to check that d̂ is well-defined suppose that
x, x′, y, y′ ∈ X and x ∼ x′ and y ∼ y′. By the triangle inequality we see that d(x′, y′) ≤ d(x′, x) + d(x, y) + d(y, y′)
and hence d(x′, y′) ≤ 0 + d(x, y) + 0. Similarly, d(x, y) ≤ d(x′, y′). Hence d(x, y) = d(x′, y′) and we have shown
that d̂ is well-defined. It is now obvious that (X̂, d̂) is a T0-quasi-metric space.
Suppose that for x1, x2 ∈ X we have d(x1, x2) = d(x2, x1) = 0. Then by uniform continuity of f we see that
e(f (x1), f (x2)) = e(f (x2), f (x1)) = 0. Thus qY (f (x1)) = qY (f (x2)) and f̂ is well-defined, too.
If f is uniformly continuous, then for each  > 0 there is δ > 0 such that for any x, y ∈ X, d(x, y) < δ implies
that e(f (x), f (y)) < . Thus for any x, y ∈ X, d̂(qX(x), qX(y)) = d(x, y) < δ implies that e(f (x), f (y)) = ê((qY ◦
f )(x), (qY ◦ f )(y)) = ê(f̂ (qX(x)), f̂ (qX(y))) < . Therefore f̂ is uniformly continuous provided that f is uniformly
continuous.
Similarly if f is an isometry, then we have that
d̂(qX(x), qX(y)) = d(x, y) = e(f (x), f (y))
= ê((qY ◦ f )(x), (qY ◦ f )(y)) = ê((f̂ ◦ qX)(x), (f̂ ◦ qX)(y)),
whenever x, y ∈ X. Hence f̂ is an isometry provided that f is an isometry. 
Let (X, d) be a quasi-pseudometric space and let A,B be nonempty subsets of X. We define the 2-diameter from
A to B by d(A,B) = sup{d(a, b) : a ∈ A, b ∈ B}. Note that for a pseudometric d, d(A,A) is usually called the
diameter of A. Of course ∞ is a possible value of a 2-diameter. For singleton {x} we write d(x,A) and d(B, x)
instead of d({x}, A) and d(B, {x}), respectively.
Let X be a set. For each x ∈ X, by x we shall denote the filter on X generated by the filter base {{x}} on X. We
next recall the definition of a Cauchy pair of filters on a quasi-pseudometric space (X, d) (compare for instance with
[11,12,21]).
Definition 2. Let (X, d) be a quasi-pseudometric space. We shall say that a pair 〈F,G〉 of filters F and G on X is a
Cauchy filter pair on (X, d) if infF∈F ,G∈G d(F,G) = 0.
Lemma 2. Let 〈F,G〉and 〈F ′,G′〉be two Cauchy filter pairs on a quasi-pseudometric space (X, d).Then infF∈F ,G′∈G′
d(F,G′) is a non-negative real number.
Proof. There areF ∈ F andG ∈ G such thatd(F,G) ≤ 1 and there areF ′ ∈ F ′ andG′ ∈ G′ such thatd(F ′,G′) ≤
1. Let f ∈ F, g′ ∈ G′ be arbitrary and choose some fixed g0 ∈ G and f ′0 ∈ F ′. Then by the triangle inequality we
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have d(f, g′) ≤ d(f, g0) + d(g0, f ′0) + d(f ′0, g′) ≤ 1 + d(g0, f ′0) + 1. Thus d(F,G′) ≤ 1 + d(g0, f ′0) + 1. Hence
infF∈F ,G′∈G′ d(F,G′) is a non-negative real number. 
Definition 3. Let (X, d) be a quasi-pseudometric space and let 〈F,G〉 and 〈F ′,G′〉 be two Cauchy filter pairs on X.
Then the following formula defines the distance
d+(〈F,G〉, 〈F ′,G′〉) := inf
F∈F ,G′∈G′
d(F,G
′) = inf
F∈F ,G′∈G′
sup
f∈F,g′∈G′
d(f, g′)
from 〈F,G〉 to 〈F ′,G′〉.
Remark 2. Note that according to Lemma 2 the distance d+ only attains values in [0,∞) and that for any Cauchy
filter pair 〈G,H〉 on a quasi-pseudometric space (X, d) we have d+(〈G,H〉, 〈G,H〉) = 0.
Example 1. Let (X, d) be a quasi-pseudometric space and x ∈ X. Then αX(x) = 〈x, x〉 is a Cauchy filter pair on
(X, d). Furthermore for any x, y ∈ X we have d+(αX(x), αX(y)) = d(x, y).
Proof. The first statement is obvious, since d(x, x) = 0. The second assertion is evident, too. 
The following concept should be compared with the notion of a weakly concentrated filter pair in a quasi-uniform
space due to Deák (see for instance [4–6,8] ).
Definition 4. Let (X, d) be a quasi-pseudometric space. A Cauchy filter pair 〈F,G〉 on (X, d) is said to be balanced
on (X, d) if for each x, y ∈ X we have
d(x, y) ≤ inf
G∈G
d(x,G) + inf
F∈F
d(F, y).
Remark 3. Let (X, d) be a quasi-pseudometric space. A Cauchy filter pair 〈F,G〉 on a quasi-pseudometric space
(X, d) is balanced if and only if for each x, y ∈ X we have
d+(αX(x), αX(y)) ≤ d+(αX(x), 〈F,G〉) + d+(〈F,G〉, αX(y)).
Proof. The assertion is evident. 
Remark 4. Note that 〈F,G〉 is a balanced Cauchy filter pair on the quasi-pseudometric space (X, d) if and only if
〈G,F〉 is a balanced Cauchy filter pair on the quasi-pseudometric space (X, d−1).
Proof. The assertion is obvious, because d(A,B) = d−1(B,A) whenever A,B ⊆ X. 
Remark 5. A balanced Cauchy filter pair 〈F,G〉 on a quasi-pseudometric space (X, d) may not generate a balanced
Cauchy filter pair 〈F ′,G′〉 on a quasi-pseudometric extension (Y, e) of (X, d), since points of Y \X can prevent 〈F ′,G′〉
from being balanced. Example 5 below illustrates this fact.
Definition 5. Let 〈F,G〉 and 〈F ′,G′〉 be two filter pairs on a set X. Then 〈F,G〉 is called coarser than 〈F ′,G′〉
provided that both F ⊆ F ′ and G ⊆ G′. Throughout this article the set of filter pairs on a set X will always be equipped
with this order relation.
Remark 6. Let (X, d) be a quasi-pseudometric space and let 〈F,G〉 and 〈F ′,G′〉 be two Cauchy filter pairs on (X, d)
such that 〈F,G〉 is coarser than 〈F ′,G′〉. Then 〈F,G〉 is balanced if 〈F ′,G′〉 is balanced.
Proof. The proof is straightforward. 
Example 2. Let (X, d) be a quasi-pseudometric space. Then for each x ∈ X, αX(x) and 〈U−1d (x),Ud(x)〉 are balanced
Cauchy filter pairs on (X, d).
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Proof. By the triangle inequality, the Cauchy filter pair αX(x) is clearly balanced, since d(a, b) ≤ d(a, x) + d(x, b)
whenever a, b ∈ X. Furthermore we see that 〈U−1d (x),Ud(x)〉 is a Cauchy filter pair on (X, d), because
inf
n∈Nd(U
−1
2−n(x), U2−n(x)) = 0.
It is balanced by Remark 6, since it is coarser than αX(x). 
Remark 7. On a quasi-pseudometric space (X, d), if 〈F,G1〉 is a balanced Cauchy filter pair and 〈F,G2〉 is another
Cauchy filter pair, then 〈F,G2〉 need not be balanced, as the following argument establishes. Indeed let (X, d) be a
quasi-pseudometric space. Then by Example 2 for each x ∈ X, αX(x) is balanced. On the other hand the condition
that all Cauchy filter pairs of the form 〈x,F〉 with arbitrary x ∈ X are balanced on (X, d) implies that d is continuous
in the second variable (that is, whenever a, x ∈ X and d(x, xn) → 0, then the limit of the sequence (d(a, xn)n∈N)
exists and is equal to d(a, x)). Of course, the latter condition is not satisfied by an arbitrary quasi-pseudometric space
(X, d), since it implies for instance that τ(d) is completely regular. (Compare with [16, Proposition 7.5] and the related
property of uniform regularity in quasi-uniform spaces; see e.g. [6].)
Proof. Under the given condition for the Cauchy filter pairs we have to show that d is continuous in the second
variable. Suppose the contrary. Let a, x ∈ X and d(x, xn) → 0 in X. Since d(a, xn) ≤ d(a, x) + d(x, xn) whenever
n ∈ N, in order to reach a contradiction we can assume that there are  > 0 and a subsequence (xnk )k∈N of (xn)n∈N
such that d(a, xnk ) ≤ d(a, x) − . For each n ∈ N set Fn = {xnk : k ∈ N, k ≥ n} and let F be the filter on (X, d)
generated by the filter base {Fn : n ∈ N}. Then the assumption that the Cauchy filter pair 〈x,F〉 is balanced implies that
d(a, x) ≤ infn∈N d(a, Fn) + inf d({x}, x) ≤ d(a, x) − . We have reached a contradiction. Hence the statement
holds. 
Definition 6. Let (X, d) be a quasi-pseudometric space. An arbitrary Cauchy filter pair 〈F,G〉 on X is said to converge
to x ∈ X provided that
inf
G∈G
d(x,G) = 0
and
inf
F∈F
d(F, x) = 0
(equivalently, the filter G converges to x with respect to the topology τ(d) and the filter F converges to x with respect
to the topology τ(d−1)).
A quasi-pseudometric space (X, d) is called B-complete provided that each balanced Cauchy filter pair 〈F,G〉
converges in X.
Remark 8. Observe that for any quasi-pseudometric space (X, d), the space (X, d−1) is B-complete if and only if
(X, d) is B-complete.
In this context let us recall that Deák [7] called a quasi-uniform space (X,U) C-complete provided that each Cauchy
filter pair converges in X.
Since each Cauchy filter pair of type 〈x,F〉 converges to x, Remark 7 establishes that on a quasi-pseudometric
space a convergent filter pair need not be balanced, although it is certainly Cauchy. Indeed our next result can be used
to show that B-completeness implies convergence of Cauchy filter pairs which are not necessarily balanced.
Remark 9. If 〈F ′,G′〉 is a balanced Cauchy filter pair on a quasi-pseudometric space (X, d) that converges to x ∈ X
and 〈F,G〉 is any Cauchy filter pair on (X, d) such that d+(〈F,G〉, 〈F ′,G′〉) = 0 = d+(〈F ′,G′〉, 〈F,G〉), then 〈F,G〉
converges to x, too.
Proof. Let g ∈ G ∈ G. Then d(x, g) ≤ infG′∈G′ d(x,G′) + infF ′∈F ′ d(F ′, g) by balancedness of 〈F ′,G′〉. Thus
d(x,G) ≤ infG′∈G′ d(x,G′) + infF ′∈F ′ d(F ′,G). Furthermore infG′∈G′ d(x,G′) = 0 and infG∈G infF ′∈F ′
d(F ′,G) = 0, because 〈F ′,G〉 is a Cauchy filter pair on (X, d).We conclude that infG∈G d(x,G) = 0.Analogously
we see that infF∈F d(F, x) = 0. Hence 〈F,G〉 converges to x in X. 
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Proposition 1. In a T0-quasi-metric space (X, d) the limit of a balanced Cauchy filter pair is unique if it exists.
Proof. Assume that 〈F,G〉 is a balanced Cauchy filter pair on (X, d) and suppose that 〈F,G〉 converges to x as well
as y in X. Then infF∈F d(F, x) = 0, infG∈G d(x,G) = 0, infF∈F d(F, y) = 0, and infG∈G d(y,G) = 0. By
balancedness of 〈F,G〉 we see that
0 ≤ d(x, y) ≤ inf
G∈G
d(x,G) + inf
F∈F
d(F, y) = 0 + 0 = 0,
as well as
0 ≤ d(y, x) ≤ inf
G∈G
d(y,G) + inf
F∈F
d(F, x) = 0 + 0 = 0.
Since (X, d) is a T0-quasi-metric space, we conclude that x = y. 
Lemma 3. Let F be a ds-Cauchy filter on a quasi-pseudometric space (X, d). Then 〈F,F〉 is a balanced Cauchy
filter pair on (X, d).
Proof. Observe first that 〈F,F〉 is a Cauchy filter pair on (X, d), since infF∈F d(F, F ) = 0 by our assumption. Let
x, y ∈ X and consider arbitrary  > 0. Note next that there is F ∈ F such that d(x, F ) ≤ d+(αX(x), 〈F,F〉) + 2
and d(F, y) ≤ d+(〈F,F〉, αX(y)) + 2 .
Let f ∈ F. Then by the triangle inequality
d(x, y) ≤ d(x, f ) + d(f, y) ≤ d(x, F ) + d(F, y)
≤ d+(αX(x), 〈F,F〉) +  + d+(〈F,F〉, αX(y)).
Thus 〈F,F〉 is a balanced Cauchy filter pair on (X, d) by Remark 3. 
We recall that a quasi-pseudometric space (X, d) is called bicomplete provided that each ds-Cauchy filter converges
in (X, ds). It is well known from the theory of pseudometric spaces (compare e.g. [14, Proposition 8.3.5]) that the
latter property is equivalent to the condition that each ds-Cauchy sequence converges in (X, ds).
Proposition 2. Each quasi-pseudometric space (X, d) that is B-complete is bicomplete.
Proof. Let F be a ds-Cauchy filter on (X, d). Then by Lemma 3 〈F,F〉 is a balanced Cauchy filter pair on (X, d).
By B-completeness of (X, d) there is x ∈ X such that d+(αX(x), 〈F,F〉) = 0 and d+(〈F,F〉, αX(x)) = 0. Hence
F converges to x in (X, ds) and therefore (X, d) is bicomplete. 
3. The completion
We are going to show that for any quasi-pseudometric space (X, d), the space (X+, d+) is a B-complete quasi-
pseudometric space. Its T0-quasi-metric quotient space yields what we call the standard B-completion of (X, d).
Theorem 1. Let (X, d) be a quasi-pseudometric space and let X+ be the set of all balanced Cauchy filter pairs on
(X, d). Define d+ : X+ × X+ → [0,∞) as in Definition 3. Then (X+, d+) is a quasi-pseudometric space.
Proof. As we have noted in Remark 2,d+(〈F,G〉, 〈F,G〉) = 0 whenever 〈F,G〉 ∈ X+. It remains to verify thatd+ sat-
isfies the triangle inequality. Let 〈F,G〉, 〈F ′,G′〉, 〈F ′′,G′′〉 ∈ X+. Consider arbitrary  > 0. We find F ∈ F,G′ ∈ G′
such that d(F,G′) ≤ d+(〈F,G〉, 〈F ′,G′〉) + 2 and similarly F ′ ∈ F ′,G′′ ∈ G′′ such that d(F ′,G′′ ) ≤ d+(〈F ′,G′〉, 〈F ′′,G′′〉) + 2 .
For any f ∈ F, g′′ ∈ G′′ we have
d(f, g′′) ≤ d(f,G′) + d(F ′, g′′) ≤ d(F,G′) + d(F ′,G′′ ),
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because 〈F ′,G′〉 is balanced on (X, d). It follows that
d(f, g′′) ≤ d+(〈F,G〉, 〈F ′,G′)) + d+(〈F ′,G′〉, 〈F ′′,G′′〉) + ,
whenever f ∈ F and g′′ ∈ G′′ .
Therefore d(F,G′′ ) ≤ d+(〈F,G〉, 〈F ′,G′〉) + d+(〈F ′,G′〉, 〈F ′′,G′′〉) + .
Henced+(〈F,G〉, 〈F ′′,G′′〉) = infF∈F ,G′′∈G′′ d(F,G′′) ≤ d+(〈F,G〉, 〈F ′,G′〉) + d+(〈F ′,G′〉, 〈F ′′,G′′〉), since
 > 0 was arbitrary. We have verified the triangle inequality. 
Remark 10. By Remark 3 we see that ifY is a set of Cauchy filter pairs of a quasi-pseudometric space (X, d) containing
the set αX(X) as a subset and d+ satisfies the triangle inequality on Y × Y , then Y can only contain balanced Cauchy
filter pairs.
Lemma 4. Any isometry g : (X, d) → (Y, e) from a T0-quasi-metric space (X, d) into a quasi-pseudometric space
(Y, e) is injective.
Proof. For anyx, y ∈ X,g(x) = g(y) implies that e(g(x), g(y)) = 0 = e(g(y), g(x)) and thusd(x, y) = 0 = d(y, x),
since g is an isometry; hence x = y, because (X, d) is a T0-quasi-metric space. We have shown that g is injective. 
Remark 11. It follows from Lemma 4 that if (X, d) is a T0-quasi-metric space, then αX : X → X+ is an isometric
embedding of (X, d) into (X+, d+). Indeed, by Example 1, d(x, y) = d+(αX(x), αX(y)) whenever x, y ∈ X.
According to Lemma 1 we obtain an equivalence relation ∼= on the quasi-pseudometric space (X+, d+) if we define
two balanced Cauchy filter pairs 〈F,G〉 and 〈F ′,G′〉 to be equivalent provided that d+(〈F,G〉, 〈F ′,G′〉) = 0 and
d+(〈F ′,G′〉, 〈F,G〉) = 0.
Observe that if (X, d) is a quasi-pseudometric space and 〈F1,G〉 and 〈F2,G〉 are both balanced Cauchy filter pairs
on (X, d), then 〈F1,G〉 and 〈F2,G〉 are equivalent. In analogous situations Doitchinov [11,12,13] used a similar fact
to simplify the notation by omitting the first element of pairs of sequences, filters and nets, respectively. We shall not
use this convention here, because it hides the bitopological nature of the presented investigations. Remark 7 provides
a further reason for mentioning explicitly both components of pairs in our context.
If 〈Fi ,Gi〉i∈I is a family of filter pairs on a set X, we define their 2-intersection as the filter pair 〈⋂i∈I Fi ,⋂i∈I Gi〉
on X. We remark that the 2-intersection of two balanced Cauchy filter pairs 〈F,G〉 and 〈F ′,G′〉 belonging to distinct
equivalence classes of ∼= in a quasi-pseudometric space can never be a (balanced) Cauchy filter pair, since comparable
balanced Cauchy filter pairs are clearly always equivalent and thus 〈F,G〉 and 〈F ′,G′〉 would be equivalent, too.
A result analogous to the following Lemma 5 (for weakly concentrated Cauchy filter pairs in quasi-uniform spaces)
was proved by Deák (see e.g. [5,6]).
Lemma 5. Let (X, d) be a quasi-pseudometric space and let 〈F,G〉 be a balanced Cauchy filter pair on (X, d). Then
there exists a unique minimal (balanced) Cauchy filter pair coarser than 〈F,G〉 on (X, d). It can be described as the
2-intersection of all balanced Cauchy filter pairs belonging to the ∼=-equivalence class of 〈F,G〉. Moreover it belongs
to the ∼=-equivalence class of 〈F,G〉 and has a countable base.
Proof. Let us assume that the family 〈Fi ,Gi〉i∈I of filter pairs denotes all balanced Cauchy filter pairs on (X, d)
equivalent to 〈F,G〉. Let n ∈ N. Then for each i ∈ I we choose Fni ∈ Fi , and Kni ∈ G such that d(F ni ,Kni ) < 1n .
Similarly for each i ∈ I we choose Hni ∈ F and Gni ∈ Gi such that d(Hni ,Gni ) < 1n . Consider arbitrary elements
fi ∈ Fni and gj ∈ Gnj with i, j ∈ I. Then d(fi, gj ) ≤ d(fi,Kni ) + d(Hnj , gj ) < 2n by balancedness of 〈F,G〉.
Consequently d(
⋃
i∈I F ni ,
⋃
j∈I Gnj ) ≤ 2n .
LetH be the filter onX generated by {⋃i∈I F ni : n ∈ N} and letK be the filter onX generated by {⋃i∈I Gni : n ∈ N}.
We just proved that 〈H,K〉 is a Cauchy filter pair on (X, d). By construction 〈H,K〉 is coarser than 〈⋂i∈I Fi ,⋂i∈I Gi〉,
which is coarser than 〈F,G〉. Thus by Remark 6, 〈H,K〉 is balanced. It is clearly equivalent to 〈F,G〉, because it is
coarser than 〈F,G〉. Therefore 〈H,K〉 = 〈Fi ,Gi〉 for some i ∈ I and 〈H,K〉 = 〈⋂i∈I Fi ,⋂i∈I Gi〉. Since any Cauchy
filter pair on (X, d) coarser than 〈F,G〉 is balanced and equivalent to 〈F,G〉, the pair 〈H,K〉 is indeed the unique
minimal Cauchy filter pair coarser than 〈F,G〉 on (X, d). 
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Example 3 (compare [4,5]). Each balanced minimal Cauchy filter pair 〈F,G〉 on a quasi-pseudometric space (X, d) is
round, that is, F is equal to the filter U−1d (F) generated by the filter base {U−1(F ) : U ∈ Ud , F ∈ F} and G is equal
to the filter Ud(G) generated by the filter base {U(G) : U ∈ Ud ,G ∈ G} on X.
For each x ∈ X the coarsest Cauchy filter pair equivalent to a balanced Cauchy filter pair 〈F,G〉 converging to x is
〈U−1d (x),Ud(x)〉.
Proof. Note first that 〈U−1d (F),Ud(G)〉 is certainly a Cauchy filter pair coarser than 〈F,G〉 if 〈F,G〉 is a Cauchy
filter pair on (X, d). Thus it is balanced and equal to 〈F,G〉 if 〈F,G〉 is balanced and minimal Cauchy. Hence the first
statement is proved. In order to prove the second statement note first that 〈F,G〉 and the coarser balanced Cauchy filter
pair 〈U−1d (x),Ud(x)〉 are equivalent. Hence it suffices to show that any balanced Cauchy filter pair belonging to the∼=-equivalence class of 〈U−1d (x),Ud(x)〉 converges to x. However this follows from Remark 9. 
Given a quasi-pseudometric space (X, d) we shall now consider the associated T0-quasi-metric quotient space
(X̂+, d̂+) of (X+, d+) (compare with Lemma 1), which we denote for simplicity by (X˜, d˜) in the following.
According to Lemma 5 we can identify (X˜, d˜) with the subspace of all balanced Cauchy filter pairs on (X, d) that
are minimal elements in the space (X+, d+) of all balanced Cauchy filter pairs on (X, d), where the order on X+ is
determined by the coarser relation (compare Lemma 1).
Definition 7. Let (X, d) be a quasi-pseudometric space. Then the T0-quasi-metric space (X˜, d˜) defined as above
will be called the (standard) B-completion of (X, d). We set βX = qX+ ◦ αX where qX+ : (X+, d+) → (X˜, d˜) is the
T0-quotient map according to Lemma 1. (Of course, for each x ∈ X, βX(x) can be identified with 〈U−1d (x),Ud(x)〉,
by using the convention formulated above.)
Corollary 1. If (X, d) is a T0-quasi-metric space, then βX : (X, d) → (X˜, d˜) is an (isometric) embedding.
Proof. We see that βX = qX+ ◦ αX is an isometry, since both αX and qX+ are isometries. The statement follows from
Lemma 4. 
Next we establish some auxiliary results that will allow us in this and the next section to derive results about the
B-completion (X˜, d˜) of a quasi-pseudometric space (X, d) by studying the space (X+, d+).
Let F be a filter on a set X and f : X → Y a map from X into a set Y . Then fF will denote the filter on Y generated
by the filter base {f (F ) : F ∈ F}. Furthermore if G is a filter on Y and f is surjective, then f−1G will denote the filter
on X generated by the filter base {f−1(G) : G ∈ G}.
Definition 8. A uniformly continuous map f : (X, d) → (Y, e) between quasi-pseudometric spaces (X, d) and (Y, e)
is called balanced provided that for each balanced Cauchy filter pair 〈F,G〉 on (X, d), the Cauchy filter pair 〈fF, fG〉
is balanced on (Y, e). (Note first that 〈fF, fG〉 is a Cauchy filter pair on (Y, e), because f is uniformly continuous.)
Lemma 6. Let (X, d) and (Y, e) be quasi-pseudometric spaces and let f : (X, d) → (Y, e) be a surjective isometry.
(a) Then f is balanced.
(b) If 〈F,G〉 is a balanced Cauchy filter pair on (Y, e), then 〈f−1F, f−1G〉 is a balanced Cauchy filter pair on
(X, d).
Proof. (a) Let 〈F,G〉 be a balanced Cauchy filter pair on (X, d). Since f is uniformly continuous, 〈fF, fG〉 is
a Cauchy filter pair on (Y, e). Let y1, y2 ∈ Y. By surjectivity of f choose x1, x2 ∈ X such that f (x1) = y1 and
f (x2) = y2. Then
e(y1, y2) = d(x1, x2) ≤ inf
G∈G
d(x1,G) + inf
F∈F
d(F, x2)
= inf
G∈G
e(y1, fG) + inf
F∈F
e(f F, y2),
because f is an isometry and 〈F,G〉 is balanced. Hence 〈fF, fG〉 is a balanced Cauchy filter pair on (Y, e). Therefore
f is balanced.
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(b) Since f is a surjective isometry, we have e(F,G) = d(f−1F, f−1G) whenever F ∈ F and G ∈ G. Hence
〈f−1F, f−1G〉 is a Cauchy filter pair on (X, d).Letx, y ∈ X.Thend(x, y) = e(f (x), f (y)) ≤ infG∈G e(f (x),G) +
infF∈F e(F, f (y)) = infG∈G d(x, f−1G) + infF∈F d(f−1F, y), because f is a surjective isometry. Thus the
pair 〈f−1F, f−1G〉 is a balanced Cauchy filter pair on (X, d). 
Corollary 2 (compare Lemma 1). Let (X, d) be a quasi-pseudometric space and (X̂, d̂) its T0-quasi-metric quotient
space. Then (X, d) is B-complete if and only if (X̂, d̂) is B-complete.
If f : (X, d) → (Y, e) is a balanced map between two quasi-pseudometric spaces (X, d) and (Y, e), then the
induced map f̂ : (X̂, d̂) → (Ŷ , ê) is balanced where (X̂, d̂) denotes the T0-quasi-metric quotient space of (X, d) and
similarly (Ŷ , ê) denotes the T0-quasi-metric quotient space of (Y, e).
Proof. In the first part of the proof we shall make repeatedly use of the fact that the quotient map qX is a surjective
isometry. Suppose that (X, d) is B-complete. Let 〈F,G〉 be a balanced Cauchy filter pair on (X̂, d̂). Therefore
〈qX−1F, qX−1G〉 is a balanced Cauchy filter pair on (X, d) by Lemma 6. Thus for some x ∈ X, 〈qX−1F, qX−1G〉
converges to x. It follows that 〈F,G〉 converges to qX(x), since qX is an isometry. So (X̂, d̂) is B-complete. For the
converse suppose that (X̂, d̂) is B-complete. Let 〈F,G〉 be a balanced Cauchy filter pair on (X, d). Then 〈qXF, qXG〉 is
a balanced Cauchy filter pair on (X̂, d̂) by Lemma 6. Thus for some x ∈ X, 〈qXF, qXG〉 converges to qX(x). Therefore
〈F,G〉 converges to x and (X, d) is B-complete.
In order to prove the second statement, suppose that f : (X, d) → (Y, e) is balanced. By Lemma 1 we know that
f̂ is uniformly continuous, since f is uniformly continuous. Let 〈F ′,G′〉 be a balanced Cauchy filter pair on (X̂, d̂).
Then 〈q−1X F ′, q−1X G′〉 is a balanced Cauchy filter pair on (X, d) by Lemma 6. Therefore 〈f q−1X F ′, f q−1X G′〉 is a
balanced Cauchy filter pair on (Y, e), because f is balanced. By Lemma 6 it follows that 〈qY f q−1X F ′, qY f q−1X G′〉 is a
balanced Cauchy filter pair on (Ŷ , ê). But the latter filter pair is equal to 〈f̂F ′, f̂G′〉, since for any x ∈ X we have that
f̂ (qX(x)) = qY (f (x)) and {qY (f (x))} = qY (f (q−1X {qX(x)})), because for all y ∈ X, d(y, x) = d(x, y) = 0 implies
that e(f (y), f (x)) = e(f (x), f (y)) = 0. Hence 〈f̂F ′, f̂G′〉 is balanced on (Ŷ , ê) and, thus, f̂ is balanced. 
We next prove a lemma that turns out to be useful in the proof that for any quasi-pseudometric space (X, d), the
space (X+, d+) is indeed B-complete.
Lemma 7. Let 〈F,G〉 be a Cauchy filter pair on a quasi-pseudometric space (X, d). Then for all x ∈ X and n ∈ N
there is g ∈ X such that
d+(αX(x), 〈F,G〉) ≤ d(x, g) + 1
n
and
d+(〈F,G〉, αX(g)) < 1
n
.
Proof. There are Fn ∈ F and Gn ∈ G such that d(Fn,Gn) < 1n . Moreover for some g ∈ Gn, d+(αX(x), 〈F,G〉) =
infG∈G d(x,G) ≤ d(x,Gn) ≤ d(x, g) + 1n . (Here we have used thatd(x,Gn) is bounded, that is,< ∞, which can
be seen as follows: Fix fn ∈ Fn. Then for any g ∈ Gn, we have d(x, g) ≤ d(x, fn) + d(fn, g) and thus d(x,Gn) ≤
d(x, fn) + 1.) Furthermore d+(〈F,G〉, αX(g)) < 1n , since Gn ∈ g and Fn ∈ F . Hence the assertion holds. 
Corollary 3. Let 〈F,G〉 be a Cauchy filter pair on a quasi-pseudometric space (X, d). Then for all y ∈ X and n ∈ N
there is f ∈ X such that
d+(〈F,G〉, αX(y)) ≤ d(f, y) + 1
n
and
d+(αX(f ), 〈F,G〉) < 1
n
.
Proof. The proof is conjugate to the preceding one. 
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Theorem 2. Let (X, d) be a quasi-pseudometric space. Then (X˜, d˜) is B-complete.
Proof. By Corollary 2 it suffices to show that (X+, d+) is B-complete. Suppose that 〈, Υ 〉 is a balanced Cauchy
filter pair on (X+, d+). For each n ∈ N choose Xn ∈  and Yn ∈ Υ such that d+(Xn, Yn) < 1n . Without loss of
generality we can assume that both sequences (Xn)n∈N and (Yn)n∈N are decreasing. For each x ∈ X and n ∈ N we
find ηnx ∈ Yn such that d+(αX(x), Yn) ≤ d+(αX(x), ηnx) + 1n . Here we have used boundedness of d+(αX(x), Yn)
which is established in the same way as boundedness of d(x,Gn) in the proof of Lemma 7.
Similarly for each y ∈ X and n ∈ N choose ξny ∈ Xn such that d+(Xn, αX(y)) ≤ d+(ξny , αX(y)) + 1n . For all
x ∈ X and n ∈ N, each ηnx is a balanced Cauchy filter pair on (X, d). Similarly for all y ∈ X and n ∈ N, each ξny is a
balanced Cauchy filter pair on (X, d).
By Lemma 7 for each n ∈ N and x ∈ X we find hn,x ∈ X such that d+(αX(x), ηnx) ≤ d(x, hn,x) + 1n and d+(ηnx,
αX(h
n,x)) < 1
n
. Similarly by Corollary 3 for each n ∈ N and y ∈ X we find gn,y ∈ X such that d+(ξny , αX(y)) ≤
d(gn,y, y) + 1
n
and d+(αX(gn,y), ξny ) < 1n .
For each n ∈ N set Gn = {gm,y : m ≥ n,m ∈ N and y ∈ X} and for each n ∈ N set Hn = {hm,x : m ≥ n,m ∈ N
and x ∈ X}.
Note that the sequences (Gn)n∈N and (Hn)n∈N of X are decreasing. Let G be the filter on X generated by the filter
base {Gn : n ∈ N} and let H be the filter on X generated by the filter base {Hn : n ∈ N}. One checks that 〈G,H〉 is a
Cauchy filter pair on (X, d) as follows:
Let n ∈ N. We recall that d+(Xn, Yn) < 1n . Hence for all m1,m2 ∈ N such that m1,m2 ≥ n and x, y ∈ X by the
triangle inequality we have
d(gm1,y, hm2,x) = d+(αX(gm1,y), αX(hm2,x))
≤ d+(αX(gm1,y), ξm1y ) + d+(ξm1y , ηm2x ) + d+(ηm2x , αX(hm2,x)) <
3
n
.
We conclude that 〈G,H〉 is a Cauchy filter pair on (X, d).
Let x, y ∈ X. Since 〈, Υ 〉 is balanced on (X+, d+), we have
d(x, y) = d+(αX(x), αX(y))
≤ inf
n∈Nd+(αX(x), Yn) + infn∈Nd+(Xn, αX(y)).
Consequently
d(x, y) ≤ inf
n∈N
(
d+(αX(x), ηnx) +
1
n
)
+ inf
n∈N
(
d+(ξny , αX(y)) +
1
n
)
by our choices of the Cauchy filter pairs ηnx and ξny on X.
It follows that d(x, y) ≤ infn∈N(d(x, hn,x) + 2n ) + infn∈N(d(gn,y, y) + 2n ). We conclude that d(x, y) ≤ infn∈N
d(x,Hn) + infn∈N d(Gn, y),becausehn,x ∈ Hn andgn,y ∈ Gn whenevern ∈ N and because (Hn)n∈N and (Gn)n∈N
are decreasing. Hence 〈G,H〉 is a balanced Cauchy filter pair on (X, d).
It remains to show that 〈, Υ 〉 converges to the point 〈G,H〉 in X+. Let n ∈ N and let ξ = 〈A,B〉 ∈ Xn ⊆ X+.
There are An ∈ A and Bn ∈ B such that d(An, Bn) < 1n . Let a ∈ An. Then d+(αX(a), ξ) = infB∈B d(a, B) < 1n .
Furthermore for each m ∈ N with m ≥ n and each x ∈ X, d+(ξ, ηmx ) < 1n and d+(ηmx , αX(hm,x)) < 1n . Thus for any
a ∈ An, any m ∈ N with m ≥ n and any x ∈ X we have d(a, hm,x) < 3n by the triangle inequality applied to d+.
Hence d(An,Hn) ≤ 3n and d+(ξ, 〈G,H〉) ≤ 3n . Therefore d+(Xn, 〈G,H〉) ≤ 3n .
Analogously, we conclude that d+(〈G,H〉, Yn) ≤ 3n . Hence 〈, Υ 〉 converges on (X+, d+) to the point 〈G,H〉 in
X+. We have shown that (X+, d+) is B-complete. 
Corollary 4. Let (X, d) be a B-complete T0-quasi-metric space. Then the isometric embedding βX : (X, d) → (X˜, d˜)
is bijective. (Hence (X, d) and (X˜, d˜) can be identified under these conditions.)
Proof. Since (X, d) is a T0-space, βX is injective (see Corollary 1). Let 〈F,G〉 be any balanced Cauchy filter pair
on (X, d). By B-completeness of (X, d) it converges to some x ∈ X. Then 〈F,G〉 and αX(x) are equivalent balanced
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Cauchy filter pairs on (X, d). Thus qX+(〈F,G〉) = qX+(αX(x)) = βX(x) and we have shown that βX is surjective,
hence bijective. 
For the next argument let us recall the following well-known inequality that holds in any quasi-pseudometric space.
It is an immediate consequence of the triangle inequality.
Lemma 8. Let (X, d) be a quasi-pseudometric space and x, y, a, b ∈ X. Then
|d(x, y) − d(a, b)| ≤ ds(x, a) + ds(y, b).
Corollary 5. Let (X, d) be a T0-quasi-metric space. Then its B-completion (X˜, d˜) is a bicomplete T0-space. In
particular it contains the bicompletion of (X, d) as an extension of X.
Proof. Bicompleteness of (X˜, d˜) follows from Proposition 2 and Theorem 2. We can extend the isometric embedding
βX : (X, d) → (X˜, d˜) to a uniformly continuous map γX‡ : (X‡, d‡) → (X˜, d˜) where (X‡, d‡) is the bicompletion of
(X, d), see [27, Proposition 2.4]. We next note that γX‡ is indeed an isometry. (The latter fact must be known, but we
could not find a suitable reference in the literature so that we include a proof.)
Let x, y ∈ X‡. Choose a sequence (xn)n∈N in X converging to x and a sequence (yn)n∈N in X converging to
y, where in both cases convergence refers to the topology τ((d‡)s). With the help of Lemma 8 and since βX is
isometric, we conclude that d‡(x, y) = limn→∞ d‡(xn, yn) = limn→∞ d(xn, yn) = limn→∞ d˜(βX(xn), βX(yn)) =
limn→∞ d˜(γX‡(xn), γX‡(yn)) = d˜(γX‡(x), γX‡(y)). Hence γX‡ is indeed an isometry. We deduce that γX‡ is an
embedding, because (X‡, d‡) is a T0-space and hence γX‡ is injective by Lemma 4. 
Corollary 6. Let (X, d) be a T0-quasi-metric space. Then the B-completion of (X, d−1) is isometric to the conjugate
space (X˜, (d˜)−1) of the B-completion of (X, d). (Hence the constructed B-completion completes both (X, d) and
(X, d−1) at the same time. That is why in the title of this article we speak of a double completion of (X, d).)
Proof. The assertion is obvious. 
Definition 9. Let (xn)n∈N and (yn)n∈N be two sequences in a set X. Let F be the filter generated by the filter base
{{xk : k ≥ n, k ∈ N} : n ∈ N} and let G be the filter generated by the filter base {{yk : k ≥ n, k ∈ N} : n ∈ N} on X.
Then we shall say that 〈F,G〉 is the filter pair generated by the pair 〈(xn)n∈N, (yn)n∈N〉 of sequences on X.
Example 4. Let X = {− 1
n+1 ,
1
n+1 : n ∈ N}. For each x, y ∈ X, set d(x, y) = 1 if y < 0 < x and d(x, y) = |x − y|
otherwise. It is readily checked that (X, d) is a T0-quasi-metric space.
Let 〈F,G〉 be the filter pair on X generated by 〈(− 1
n+1 )n∈N, (
1
n+1 )n∈N〉. Observe that 〈F,G〉 is a Cauchy filter pair
on (X, d), which is not balanced, since
1 = d
(
1
4
,−1
4
)
≤ inf
G∈G
d
(
1
4
,G
)
+ inf
F∈F
d
(
F,−1
4
)
= 1
4
+ 1
4
= 1
2
.
Furthermore the non-convergent (and non-equivalent) Cauchy filter pairs 〈F,F〉 and 〈G,G〉 show that (X, d) is not
bicomplete.
We leave it to the reader to check the following additional facts: The B-completion (X˜, d˜) of (X, d), which can be
identified with the bicompletion (X‡, d‡) of (X, d), is obtained by adding two new distinct points 0− and 0+ to X which
represent the equivalence classes of 〈F,F〉 resp. 〈G,G〉. Furthermore straightforward calculations show that d˜ extends
d as follows: d˜(0−, x) = d˜(x, 0+) = |x| if x ∈ X; d˜(x, 0−) = 1 if x > 0; d˜(x, 0−) = |x| if x < 0; d˜(0+, x) = 1 if
x < 0; d˜(0+, x) = x if x > 0; and d˜(0−, 0+) = 0, and d˜(0+, 0−) = 1. Of course, d˜(0−, 0−) = d˜(0+, 0+) = 0.
4. Extension of maps
We first prove a few rather technical lemmas which will be useful when discussing extensions of uniformly
continuous maps between T0-quasi-metric spaces to their B-completions. In particular in Corollary 8 we obtain new
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formulas for the distance d+ between two balanced Cauchy filter pairs. We also show that for a T0-quasi-metric space
the natural isometric embedding βX : (X, d) → (X˜, d˜) is balanced. An extension theorem for balanced maps will then
lead us to a characterization of the B-completion of a T0-quasi-metric space up to isometry.
Lemma 9. Let 〈F,G〉 and 〈F ′,G′〉 be Cauchy filter pairs on a quasi-pseudometric space (X, d). Then
inf
G′∈G′
d+(〈F,G〉, αX(G′)) = inf
G′∈G′
sup
g′∈G′
inf
F∈F
sup
f∈F
d(f, g′).
Similarly
inf
F∈F
d+(αX(F ), 〈F ′,G′〉) = inf
F∈F
sup
f∈F
inf
G′∈G′
sup
g′∈G′
d(f, g′).
Proof. Using the definitions of d+ and d , we have
inf
G′∈G′
d+(〈F,G〉, αX(G′)) = inf
G′∈G′
sup
g′∈G′
d+(〈F,G〉, αX(g′))
= inf
G′∈G′
sup
g′∈G′
inf
F∈F
d(F, {g′}) = inf
G′∈G′
sup
g′∈G′
inf
F∈F
sup
f∈F
d(f, g′).
The second statement is proved analogously. 
Lemma 10. Let 〈F,G〉 and 〈F ′,G′〉 be two Cauchy filter pairs on a quasi-pseudometric space (X, d).
Then
inf
F∈F
sup
f∈F
inf
G′∈G′
sup
g′∈G′
d(f, g′) ≤ d+(〈F,G〉, 〈F ′,G′〉)
and
inf
G′∈G′
sup
g′∈G′
inf
F∈F
sup
f∈F
d(f, g′) ≤ d+(〈F,G〉, 〈F ′,G′〉).
Proof. Let f ∈ F ∈ F and g′ ∈ G′ ∈ G′.
We have
inf
G′∈G′
d(f,G
′) ≤ d(f,G′).
Therefore
sup
f∈F
inf
G′∈G′
d(f,G
′) ≤ sup
f∈F
d(f,G
′).
Consequently
inf
F∈F
sup
f∈F
inf
G′∈G′
d(f,G
′) ≤ inf
F∈F
sup
f∈F
d(f,G
′).
Finally
inf
F∈F
sup
f∈F
inf
G′∈G′
d(f,G
′) ≤ inf
G′∈G′
inf
F∈F
sup
f∈F
d(f,G
′) = d+(〈F,G〉, 〈F ′,G′〉)
by definition ofd+.Hence we have established the first inequality. The second inequality can be proved analogously. 
The preceding result yields the following corollary.
Corollary 7. Let (X, d) be a quasi-pseudometric space and let 〈F,G〉 be a balanced Cauchy filter pair on (X, d).
Then 〈αXF, αXG〉 converges in (X+, d+) to the point 〈F,G〉.
Proof. Set 〈F ′,G′〉 = 〈F,G〉 in Lemma 9. The result follows from Lemmas 9 and 10 and the fact that 〈F,G〉 is a
Cauchy filter pair on (X, d). 
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Lemma 11. Let 〈F,G〉 be a balanced Cauchy filter pair on the quasi-pseudometric space (X, d) and let 〈F ′,G′〉 be
any Cauchy filter pair on (X, d).
Then
d+(〈F ′,G′〉, 〈F,G〉) = inf
F ′∈F ′
sup
f ′∈F ′
inf
G∈G
sup
g∈G
d(f ′, g).
Similarly
d+(〈F,G〉, 〈F ′,G′〉) = inf
G′∈G′
sup
g′∈G′
inf
F∈F
sup
f∈F
d(f, g′).
Proof. Let f ′ ∈ F ′ ∈ F ′ and let g ∈ G ∈ G. Then
d(f ′, g) ≤ inf
G∈G
d(f
′,G) + inf
F∈F
d(F, g)
by balancedness of 〈F,G〉. Thus
d(F
′,G) ≤ sup
f ′∈F ′
inf
G∈G
d(f
′,G) + sup
g∈G
inf
F∈F
d(F, g).
Consequently
d+(〈F ′,G′〉, 〈F,G〉) = inf
F ′∈F ′
inf
G∈G
d(F
′,G)
≤ inf
F ′∈F ′
sup
f ′∈F ′
inf
G∈G
d(f
′,G) + inf
G∈G
sup
g∈G
inf
F∈F
d(F, g)
= inf
F ′∈F ′
sup
f ′∈F ′
inf
G∈G
sup
g∈G
d(f ′, g) + 0,
because 〈F,G〉 is a Cauchy pair of filters on (X, d). Therefore
d+(〈F ′,G′〉, 〈F,G〉) ≤ inf
F ′∈F ′
sup
f ′∈F ′
inf
G∈G
sup
g∈G
d(f ′, g).
The reverse inequality and thus equality hold because of Lemma 10. The second equality is proved analogously. 
We are now ready to state our new distance formulas, which will be useful in our investigations on balanced maps.
Corollary 8. Let 〈F,G〉 and 〈F ′,G′〉 be two balanced Cauchy filter pairs on a quasi-pseudometric space (X, d).
Then
d+(〈F,G〉, 〈F ′,G′〉) = inf
G′∈G′
sup
g′∈G′
inf
F∈F
sup
f∈F
d(f, g′) = inf
F∈F
sup
f∈F
inf
G′∈G′
sup
g′∈G′
d(f, g′).
Proof. The assertion is a consequence of Lemma 11. 
Corollary 9. Let (X, d) be a quasi-pseudometric space. Then the map αX : (X, d) → (X+, d+) is balanced.
Proof. Since αX is an isometry, αX is uniformly continuous. It remains to show that for any 〈F,G〉 ∈ X+ we have
that the Cauchy filter pair 〈αXF, αXG〉 is balanced on (X+, d+). Consider any 〈F ′,G′〉, 〈F ′′,G′′〉 ∈ X+.
Then by the triangle inequality, Corollary 8 and Lemma 9,
d+(〈F ′,G′〉, 〈F ′′,G′′〉) ≤ d+(〈F ′,G′〉, 〈F,G〉) + d+(〈F,G〉, 〈F ′′,G′′〉)
= inf
G∈G
sup
g∈G
inf
F ′∈F ′
sup
f ′∈F ′
d(f ′, g) + inf
F∈F
sup
f∈F
inf
G′′∈G′′
sup
g′′∈G′′
d(f, g′′)
= inf
G∈G
d+(〈F ′,G′〉, αX(G)) + inf
F∈F
d+(αX(F ), 〈F ′′,G′′〉).
Hence 〈αXF, αXG〉 is balanced on X+ and we have shown that the map αX is balanced. 
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Corollary 10. Let (X, d) be a quasi-pseudometric space. Then βX : (X, d) → (X˜, d˜) is balanced.
Proof. By the preceding result we know that αX : (X, d) → (X+, d+) is balanced. It follows from Lemma 6 that
qX+ : (X+, d+) → (X˜, d˜) and thus βX = qX+ ◦ αX are balanced. 
Theorem 3. Let f : (X, d) → (Y, e) be a balanced map between T0-quasi-metric spaces (X, d) and (Y, e). Then
there is a unique balanced map f˜ : (X˜, d˜) → (Y˜ , e˜) such that f˜ ◦ βX = βY ◦ f. If f is also an isometry, then f˜ is an
isometry.
Proof. For each 〈F,G〉 ∈ X+ we set f+(〈F,G〉) = 〈fF, fG〉. This equation defines a map f+ : (X+, d+) →
(Y+, e+), because f is balanced.
Suppose first that f is an isometry. Then
d+(〈F,G〉, 〈F ′,G′〉) = inf
F∈F ,G′∈G′
d(F,G
′)
= inf
F∈F ,G′∈G′
e(f F, fG
′) = e+(〈fF, fG〉, 〈fF ′, fG′〉)
= e+(f+(〈F,G〉), f+(〈F ′,G′〉)),
whenever 〈F,G〉, 〈F ′,G′〉 ∈ X+. Hence in the case under consideration f+ is an isometry.
Assume now that f is uniformly continuous. Therefore for each  > 0 there is δ > 0 such that all x, y ∈ X,
d(x, y) < δ implies that e(f (x), f (y)) < . Consider any 〈F,G〉, 〈F ′,G′〉 ∈ X+ such that d+(〈F,G〉, 〈F ′,G′〉) < δ.
There are F ∈ F and G′ ∈ G′ such thatd(F,G′) < δ. Thus by uniform continuity of f we get thate(f F, fG′) ≤ 
and hence e+(f+(〈F,G〉), f+(〈F ′,G′〉)) = e+(〈fF, fG〉, 〈fF ′, fG′〉) ≤ . We have shown that f+ is uniformly
continuous.
Obviously for each x ∈ X, (f+ ◦ αX)(x) = 〈f (x), f (x)〉 = (αY ◦ f )(x).
We next show that f+ is balanced provided that f is balanced. Note first that f+ is uniformly continuous, since f
is uniformly continuous.
Let 〈, Υ 〉 be a balanced Cauchy filter pair on (X+, d+). We want to prove that 〈f+, f+Υ 〉 is a balanced Cauchy
filter pair on (Y+, e+). Suppose the contrary. Then there are a, b ∈ Y+, X0 ∈  and Y0 ∈ Υ such that e+(a, b) >
e+(a, f
+(Y0)) + e+(f+(X0), b). Furthermore, there are decreasing sequences (Xn)n∈N and (Yn)n∈N such that
X1 ⊆ X0 and Y1 ⊆ Y0, and for each n ∈ N, Xn ∈ , Yn ∈ Υ andd+(Xn, Yn) < 1n , because 〈, Υ 〉 is a Cauchy filter
pair on (X+, d+).
Exactly as in the proof of Theorem 2 we construct a balanced Cauchy filter pair 〈G,H〉 on (X, d), where G has
the countable decreasing filter base {Gn : n ∈ N} and H has the countable decreasing filter base {Hn : n ∈ N} defined
there.
By our assumption on the map f we deduce that 〈fG, fH〉 is a balanced Cauchy filter pair on (Y, e). Thus
〈(αY ◦ f )G, (αY ◦ f )H〉 is a balanced Cauchy filter pair on (Y+, e+), because αY is balanced by Corollary 9. In
particular there is n0 ∈ N such that e+((αY ◦ f )(Gn0), (αY ◦ f )(Hn0)) ≤ 1 and we have
e+(a, b) ≤ inf
n∈Ne+(a, (αY ◦ f )(Hn)) + infn∈Ne+((αY ◦ f )(Gn), b).
Then for each n ∈ N with n ≥ n0 there are kn ∈ N with kn ≥ n and xn ∈ X such that e+(a, (αY ◦ f )(Hn)) ≤
e+(a, (αY ◦ f )(hkn,xn)) + 1n . Here we have used the fact that for each n ∈ N with n ≥ n0 we have that e+(a, (αY ◦
f )(Hn)) < ∞, which can be established analogously to boundedness of d(x,Gn) in the proof of Lemma 7.
Consequently, by the triangle inequality applied to e+, we obtain that for each n ∈ N such that n ≥ n0,
e+(a, (αY ◦ f )(Hn)) ≤ e+(a, f+(ηknxn)) + e+(f+(ηknxn), (f+ ◦ αX)(hkn,xn)) +
1
n
.
Observe also that
lim
n∈N,n≥n0
e+(f+(ηknxn), (f
+ ◦ αX)(hkn,xn)) = 0,
since d+(ηknxn, αX(hkn,xn)) < 1kn ≤ 1n whenever n ∈ N and n ≥ n0, and the map f+ is uniformly continuous.
Because ηknxn ∈ Ykn ⊆ Y0 whenever n ∈ N and n ≥ n0, it follows that
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inf
n∈Ne+(a, (αY ◦ f )(Hn)) ≤ e+(a, f
+(Y0)).
Analogously we conclude that
inf
n∈Ne+((αY ◦ f )(Gn), b) ≤ e+(f
+(X0), b).
Hence altogether we get that
e+(a, b) ≤ e+(a, f+(Y0)) + e+(f+(X0), b).
We have reached a contradiction and deduce that 〈f+, f+Υ 〉 is a balanced Cauchy filter pair on (Y+, e+). Thus
f+ : X+ → Y+ is balanced.
Finally set f˜ = f̂+ (compare Lemma 1). This completes the definition of the map f˜ : (X˜, d˜) → (Y˜ , e˜).
We conclude by Lemma 1 and Corollary 2 that f˜ is a balanced map (balanced isometry, respectively) provided that
f is a balanced map (balanced isometry, respectively). One readily checks that βY ◦ f = f˜ ◦ βX, since f+ ◦ αX =
αY ◦ f and f˜ ◦ qX+ = qY+ ◦ f+.
Now suppose that g : (X˜, d˜) → (Y˜ , e˜) is another balanced map such that βY ◦ f = g ◦ βX. Let 〈F,G〉 ∈ X+. Then
〈αXF, αXG〉 converges to 〈F,G〉 in (X+, d+) by Corollary 7. Thus with the help of uniform continuity of qX+ and g
and Definition 6 we see that 〈(g ◦ βX)F, (g ◦ βX)G〉 converges to g(qX+(〈F,G〉)).
Similarly 〈(f˜ ◦ βX)F, (f˜ ◦ βX)G〉 converges to f˜ (qX+(〈F,G〉)). Because f˜ ◦ βX = g ◦ βX we have 〈(g ◦ βX)F,
(g ◦ βX)G〉 = 〈(f˜ ◦ βX)F, (f˜ ◦ βX)G〉, which is a balanced Cauchy filter pair on Y˜ , because f˜ ◦ βX is a balanced
map. Since (Y˜ , e˜) is a T0-quasi-metric space, we conclude that g(qX+(〈F,G〉)) = f˜ (qX+(〈F,G〉)) by Proposition 1.
Hence g = f˜ . 
Theorem 4. Let (X, d) be a subspace of the B-complete T0-quasi-metric space (Y, e). Suppose that the embedding
i : (X, d) → (Y, e) is balanced and that for each y ∈ Y there is a balanced Cauchy filter pair 〈F,G〉 on (X, d) such
that the filter pair 〈iF, iG〉 converges to y. Then the B-completion (X˜, d˜) of (X, d) is isometric to (Y, e) under the
isometric balanced extension i˜ of i to X˜.
Proof. Clearly by Theorem 3 the map i : (X, d) → (Y, e) has an isometric balanced extension i˜ : (X˜, d˜) → (Y˜ , e˜),
where by Corollary 4 (Y˜ , e˜) can be identified with (Y, e), because (Y, e) isB-complete. Since (X˜, d˜) is aT0-quasi-metric
space, i˜ is injective by Lemma 4. Let y ∈ Y. By the density assumption formulated in Theorem 4 there is a balanced
Cauchy filter pair 〈F,G〉 on (X, d) such that the filter pair 〈iF, iG〉 converges to y.Then by Lemma 1 i˜(qX+(〈F,G〉)) =
(qY+ ◦ i+)(〈F,G〉) = qY+(〈iF, iG〉) = qY+(αY (y)) = y. The last equality makes use of our identification between
(Y˜ , e˜) and (Y, e). Hence we conclude that i˜ is an isometric bijection. 
The following example illustrates the importance of balancedness of the natural isometric embeddings for our
completion theory. The details of the proof are left to the reader. For the discussion of the example we still introduce
some terminology that will turn out to be useful in the next section, too.
Definition 10. Let (X, d) be a quasi-pseudometric space. A pair of sequences 〈(xn)n∈N, (yn)n∈N〉 in (X, d) will be
called a (balanced) Cauchy pair of sequences provided that the filter pair 〈F,G〉 generated by 〈(xn)n∈N, (yn)n∈N〉 is a
(balanced) Cauchy filter pair on (X, d).
Example 5. Let (Y, d) be the T0-quasi-metric subspace {− 1n+1 , 1n+1 : n ∈ N} ∪ {0} of the rational T0-quasi-metric
Sorgenfrey line (see Section 1). Set Z = Y ∪ {0−} by adding a new point 0− to Y. Extend d from Y × Y to Z × Z
as follows: Set d(− 1
n+1 , 0
−) = 1
n+1 whenever n ∈ N, d(0−, 0−) = 0 and d = 1 otherwise. It is readily verified that
(Z, d) is a T0-quasi-metric space.
One checks that on the subspace H = Z \ {0} of (Z, d) the pair〈(
− 1
n + 1
)
n∈N
,
(
1
n + 1
)
n∈N
〉
of sequences generates a balanced Cauchy filter pair 〈F,G〉 that is not convergent in H. Therefore H is not B-
complete. (Indeed, in order to prove balancedness of 〈F,G〉, since d ≤ 1 it suffices to consider the case that a, b ∈
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H, infG∈G d(a,G) < 1 and infF∈F d(F, b) < 1. It then follows that a < 0 and b > 0, or a < 0 and b = 0−,
which in either case implies that d(a, b) ≤ infG∈G d(a,G) + infF∈F d(F, b). We have shown that 〈F,G〉 is
balanced.)
The reader will verify that on the other hand the T0-quasi-metric space (Z, d) is B-complete. Furthermore the
(convergent) Cauchy filter pair 〈F ′,G′〉 on Z generated by 〈(− 1
n+1 )n∈N, (
1
n+1 )n∈N〉 is not balanced in Z : Indeed we
have
1 = d(0, 0−) ≤ inf
G′∈G′
d(0,G′) + inf
F ′∈F ′
d(F
′, 0−) = 0 + 0.
If we replace d on Z by d ′, by changing d(0, 0−) = 1 to d ′(0, 0−) = 0, and setting d ′(x, y) = d(x, y) otherwise, we
obtain a space (Z, d ′) isometric to the B-completion H˜ of H. In particular we note that (Z, d) is not the (standard)
B-completion of H. In fact we see that the isometric, but non-balanced embedding i of the subspace H into the B-
complete space (Z, d) cannot be extended to an isometric embedding i˜ of H˜ into (Z, d), because by injectivity such
an embedding i˜ would have to map the limit of 〈βHF, βHG〉 in H˜ to 0 and therefore cannot be an isometry, because
d ′ = d.
5. Connections with Doitchinov’s work on balanced quasi-metrics
The following discussion explains the connections between our present investigations and Doitchinov’s theory
developed in [11]. It turns out that for balanced T0-quasi-metric spaces our theory is equivalent to the one of Doitchinov.
Definition 11 (Doitchinov [11]). A quasi-pseudometric space (X, d) is called balanced if (x′n)n∈N and (x′′m)m∈N are
two sequences in (X, d) and x′, x′′ ∈ X, then from d(x′, x′n) ≤ r ′ for each n ∈ N, and d(x′′m, x′′) ≤ r ′′ for each m ∈ N
and limm,n→∞ d(x′′m, x′n) = 0 it follows that d(x′, x′′) ≤ r ′ + r ′′.
Proposition 3. The following conditions are equivalent for a quasi-pseudometric space (X, d) :
(a) (X, d) is balanced.
(b) Every Cauchy pair of sequences in (X, d) is balanced.
(c) Every Cauchy filter pair on (X, d) is balanced.
Proof. (a) ⇒ (b): Let 〈(xn)n∈N, (yn)n∈N〉 be a Cauchy pair of sequences in (X, d) and let 〈F,G〉 be its generated
filter pair on X. Suppose for a moment that there are x′, x′′ ∈ X and n ∈ N such that
d(x′, x′′) > d(x′, {yk : k ≥ n, k ∈ N}) + d({xk : k ≥ n, k ∈ N}, x′′).
But the latter condition clearly contradicts the assumption that d is balanced. We therefore conclude that 〈F,G〉 and,
thus, 〈(xn)n∈N, (yn)n∈N〉 are balanced.
(b) ⇒ (c): Suppose the contrary. Then there is a Cauchy filter pair 〈F,G〉 on (X, d) with a, b ∈ X and F ∈ F
and G ∈ G such that d(a, b) > d(a,G) + d(F, b). Find a pair of sequences 〈(fn)n∈N, (gn)n∈N〉 in X as follows:
Choose inductively decreasing sequences (Fn)n∈N and (Gn)n∈N such that F1 ⊆ F , G1 ⊆ G, Fn ∈ F,Gn ∈ G and
d(Fn,Gn) < 1n whenever n ∈ N. Furthermore for each n ∈ N find fn ∈ Fn and gn ∈ Gn. By our hypothesis the
Cauchy filter pair 〈F ′,G′〉 on X generated by 〈(fn)n∈N, (gn)n∈N〉 is balanced, and thus d(a, b) ≤ infG′∈G′ d(a,G′) +
infF ′∈F ′ d(F ′, b) ≤ d(a,G) + d(F, b) – a contradiction. We deduce that each Cauchy filter pair 〈F,G〉 on (X, d)
is balanced.
(c) ⇒ (a): Suppose that (x′n)n∈N and (x′′m)m∈N are two sequences in (X, d) such that limm,n→∞ d(x′′m, x′n) = 0.
Consider the filter pair 〈F,G〉 generated on X by the Cauchy pair 〈(x′′m)m∈N, (x′n)n∈N〉 of sequences. Assume now that
x′, x′′ ∈ X, d(x′, x′n) ≤ r ′ for each n ∈ N, and d(x′′m, x′′) ≤ r ′′ for each m ∈ N. Since by our assumption 〈F,G〉 is
balanced, we conclude that d(x′, x′′) ≤ r ′ + r ′′. Therefore d is balanced according to Definition 11. 
Remark 12. Let (X, d) be a balanced quasi-pseudometric space and let 〈F,G〉 be a Cauchy filter pair on (X, d).
Then 〈F,G〉 is equivalent to a Cauchy filter pair generated by a balanced Cauchy pair of sequences. Therefore the
B-completion of a balanced T0-quasi-metric space can be built with the help of (balanced) Cauchy pairs of sequences
only, since such sequences can represent all equivalence classes of X+.
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Proof. By Proposition 3 the given Cauchy filter pair 〈F,G〉 on X is balanced. Similarly as above we choose
decreasing sequences (Fn)n∈N and (Gn)n∈N such that d(Fn,Gn) < 1n , Fn ∈ F and Gn ∈ G whenever n ∈ N. For
each n ∈ N find fn ∈ Fn and gn ∈ Gn. Then according to Proposition 3 the Cauchy filter pair 〈F ′,G′〉 generated by
〈(fn)n∈N, (gn)n∈N〉 is balanced, since d is balanced. Furthermore 〈F ′,G′〉 and 〈F,G〉 are clearly equivalent by the
construction of 〈F ′,G′〉. 
Lemma 12 (compare [11, Lemma 5]). Let (X, d) be a balanced quasi-pseudometric space and let 〈(xn)n∈N, (yn)n∈N〉
be a Cauchy pair of sequences in (X, d). If for some x ∈ X, limn∈N d(x, yn) = 0, then limn∈N d(xn, x) = 0.
Proof. Let 〈F,G〉 be the Cauchy filter pair generated by 〈(xn)n∈N, (yn)n∈N〉 on X. Fix n ∈ N. Then d(xn, x) ≤
infG∈G d(xn,G) + inf d(x, x), because the Cauchy filter pair 〈x,G〉 is balanced by Proposition 3. Thus d(xn, x)
converges to 0, since 〈F,G〉 is a Cauchy filter pair. 
Remark 13. More generally (see [6, p. 352]), C-completeness in a quiet quasi-uniform space (X,U) is known to
be equivalent to the property that the second filter of each Cauchy filter pair (in these days such filters are often
called D-Cauchy filters) converges with respect to the topology τ(U). The latter completeness property is the one
studied by Doitchinov in quasi-uniform spaces (see [12,13]) and is now known under the name of Doitchinov- or
D-completeness.
Proposition 4 (compare [13, Theorem 9]). A balanced quasi-pseudometric space (X, d) is B-complete if and only
if each Cauchy pair 〈(xn)n∈N, (yn)n∈N〉 of sequences converges (that is, there is x ∈ X such that the sequences
(d(x, yn))n∈N and (d(xn, x))n∈N both converge to 0).
Proof. Let (X, d) be a B-complete balanced quasi-pseudometric space. For a given Cauchy pair 〈(xn)n∈N, (yn)n∈N〉
of sequences in (X, d) we consider its generated Cauchy filter pair 〈F,G〉 on X, which is balanced by Proposition
3. Since by B-completeness of (X, d) the pair 〈F,G〉 converges in X, obviously 〈(xn)n∈N, (yn)n∈N〉 converges in
X.
For the converse suppose that each Cauchy pair of sequences converges on a balanced quasi-pseudometric space
(X, d). Let 〈F,G〉 be an arbitrary balanced Cauchy filter pair on (X, d). Exactly as in the proof of Remark 12
we choose a Cauchy pair of sequences 〈(fn)n∈N, (gn)n∈N〉 and let 〈F ′,G′〉 be its generated Cauchy filter pair on
X, which is balanced according to Proposition 3. By assumption 〈(fn)n∈N, (gn)n∈N〉 converges to some
x ∈ X.
Consequently d+(α(x), 〈F,G〉) ≤ d+(α(x), 〈F ′,G′〉) + d+(〈F ′,G′〉, 〈F,G〉) = 0 + 0, since 〈x,G′〉 and 〈F ′,G〉
are Cauchy filter pairs. Then infG∈G d(x,G) = 0. Similarly infF∈F d(F, x) = 0 and hence 〈F,G〉 converges to x.
(Note that these calculations can be omitted by directly referring to Remarks 12 and 9.) We have shown that (X, d) is
B-complete. 
Remark 14. Each uniformly continuous map f : (X, d) → (Y, e) from any quasi-pseudometric space (X, d) into a
balanced quasi-pseudometric space (Y, e) is balanced.
Proof. The assertion follows directly from Proposition 3 and the definition of a balanced map. 
Theorem 5. Let (X, d ) be the Doitchinov completion of the balanced T0-quasi-metric space (X, d) with its isometric
embedding i : (X, d) → (X, d ). Then the B-completion (X˜, d˜) of (X, d) is isometric to (X, d ) under the balanced
extension i˜ : (X˜, d˜) → (X, d ) of the balanced map i.
Proof. Doitchinov [11, Propositions 13 and 14] showed that (X, d ) is balanced and sequentially D-complete (that
is, the second sequence of each Cauchy pair of sequences in X converges with respect to the topology τ(d )). Thus
it is B-complete by Lemma 12 and Proposition 4. By Remark 14 the isometric embedding i : (X, d) → (X, d ) is
balanced, since (X, d ) is balanced. Furthermore by [11, Proposition 12] for each x ∈ X there exists a Cauchy pair
〈(xn)n∈N, (yn)n∈N〉 of sequences inX such that 〈(i(xn))n∈N, (i(yn))n∈N〉 converges to x.By Proposition 3 and Theorem
4 it follows that i˜ : (X˜, d˜) → (X, d ) is a bijective isometry. 
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6. Conclusion
We have shown that given a quasi-pseudometric space (X, d) the function d+ defined in Definition 3 yields an
interesting distance function on the set of all Cauchy filter pairs of (X, d), which indeed is a quasi-pseudometric
provided that it is restricted to the set X+ of all balanced Cauchy filter pairs. We have modified the well-known
C-completeness condition, which says that each Cauchy filter pair converges, to the weaker condition that each
balanced Cauchy filter pair converges. We named the latter condition “B-completeness” and observed that it implies
bicompleteness in quasi-pseudometric spaces. We then proved that for each quasi-pseudometric space (X, d) the
constructed quasi-pseudometric space (X+, d+) is B-complete. For any T0-quasi-metric space (X, d), the T0-quasi-
metric quotient space (X˜, d˜) of (X+, d+) is a B-complete extension of the bicompletion of (X, d). We called it the
(standard) B-completion of (X, d).
Isometric embeddings of quasi-pseudometric spaces need not preserve the property of balancedness of a Cauchy
filter pair. This led us to consider uniformly continuous maps between quasi-pseudometric spaces that preserve balanced
Cauchy filter pairs. We called such maps “balanced”. We noted that the natural isometric embedding of a T0-quasi-
metric space (X, d) into its B-completion (X˜, d˜) is balanced and that a balanced map between two T0-quasi-metric
spaces (X, d) and (Y, e) can be uniquely extended to a balanced map between their B-completions (X˜, d˜) and (Y˜ , e˜).
For a T0-quasi-metric space (X, d) the B-completion (X˜, d˜) of (X, d) is up to isometry the unique T0-quasi-metric
B-complete extension of (X, d) such that the natural isometric embedding βX : (X, d) → (X˜, d˜) is balanced and in
which βX(X) is ‘B-dense’, in the sense that each point of X˜ is the limit of a filter pair 〈βX(F), βX(G)〉, where 〈F,G〉
is a balanced Cauchy filter pair on (X, d). Doitchinov’s theory of balanced T0-quasi-metric spaces turned out to be a
special case of our theory: For instance a quasi-pseudometric space is balanced if and only if all Cauchy filter pairs of
the space are balanced (in our sense), and for balanced quasi-pseudometrics sequential D-completeness is equivalent
to B-completeness.
We found that a B-complete T0-quasi-metric extension of a T0-quasi-metric space (X, d) need not contain the
B-completion of (X, d). In particular the condition is not satisfied that any isometric embedding i : (X, d) → (Y, e)
between T0-quasi-metric spaces (X, d) and (Y, e) can be extended to an isometric embedding i˜ : (X˜, d˜) → (Y˜ , e˜)
between the correspondingB-completions (X˜, d˜) and (Y˜ , e˜). In this respect the theory of theB-completion substantially
deviates from the theory of the bicompletion of a T0-quasi-metric space, which possesses the latter property. In his
investigations [11] Doitchinov considered that condition an essential attribute of any reasonable completion theory.
Doubts about its appropriateness in asymmetric topology were however already formulated by Deák in [7, p. 400].
The results presented in this paper leave open several natural questions some of which we would like to mention next.
The article did not address the problem of whether a sequential version of the developed completion theory exists, that
is, whether above we could have worked with Cauchy pairs of sequences instead of Cauchy pairs of filters. Moreover
we did not generalize our theory from the quasi-pseudometric to the quasi-uniform setting. Let us recall that Doitchinov
extended his theory of balanced T0-quasi-metrics successfully to a closely related theory of quiet T0-quasi-uniform
spaces [12,13]. Finally, we did not apply our ideas to questions from topological algebra. Since Doitchinov’s theory
of quiet quasi-uniformities turned out to be useful in the theory of regular paratopological groups, it can be expected
that the work presented in this article also has interesting applications to algebraic topological structures. The authors
hope to pursue these and similar ideas in a future article.
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